Abstract: A rigorous circuit model for the simulation of large-scale photonic integrated circuit (PIC) is proposed and validated. Different from the conventional circuit theory, both guided and radiation fields are taken into consideration in the circuit model. A PIC of arbitrary size and complexity is partitioned into a collection of basic circuit elements interconnected via physical and virtual ports. The model parameters describing the terminal properties of the circuit elements are extracted by numerical techniques for photonic device simulation such as FDTD method. The performance of the entire PIC can be simulated by conventional circuit simulation algorithms based on the complex scattering matrix formalism. In contrast with the existing numerical simulation techniques, the circuit model and the simulation methodology are more flexible, efficient, and scalable for the analysis of largescale PICs.
Introduction
Photonic integrated circuits (PICs) and/or planar lightwave circuits (PLCs) are integrated systems based on planar optical waveguides and/or other types optical components. So far, a number of highly compact and complex optical integrated systems have been demonstrated experimentally on several material platforms such as silica [1] , indium phosphide [2] , and silicon [3] . In comparison with today's electronic integrated circuits, the feature size of the optical components in the integrated optical systems is large (relative to the optical wavelength), and the density of integration is low (measured by number of components per unit area). In the past few years, there has been intensive research and development dedicated to further reducing the feature size and increasing the integration density. Examples of such efforts are optical dielectric waveguides with high index contrast [4] , [5] , slot waveguides [6] , surface plasmon polariton (SPP) waveguides [7] , [8] , photonic band-gap waveguides [9] , etc. Consequently, more complex and higher density PICs are envisaged and fabricated based on these advanced optical waveguide structures [10] - [13] .
Computer-aided design (CAD) is indispensible in development and application of modern microelectronics. Different from circuits built with discrete components, integrated circuits are difficult to design without powerful CAD tools. High cost of fabrication and characterization make it essential to design, simulate, and verify the performance of the PIC prior to the fabrication of the actual integrated circuit. Simulation Program with Integrated Circuit Emphasis (SPICE) developed by Nagel and Pederson in early 1970s [14] , [15] has become the industry-standard algorithm to verify circuit performances at the transistor level. For the PICs, however, similar powerful algorithms and software tools do not yet exist. For PICs, the signals are mainly confined in and guided through dielectric waveguides operated at optical frequencies. The open or unbounded nature of dielectric optical waveguide structures is in sharp contrast with traditional electromagnetic waveguides in microwaves. For PICs, radiation effects become more pronounced and should be considered not only within individual optical devices but also for interconnections between different components. For simulation of individual optical devices, the governing Maxwell equations or equivalent/reduced forms are solved numerically in the time/frequency domain. Several methods, e.g., the beam propagation method (BPM) [16] , the finite-difference time-domain (FDTD) method [17] , and the mode-matching method (MMM) [18] , are widely used in academic community and implemented in commercial simulation software tools [19] , [20] . The required computation expense (e.g., memory and time) is highly dependent on the feature sizes measured by the optical wavelengths divided by the refractive index. Considering the fact that a typical optical device is normally much larger than the operating wavelength, numerical techniques such as the FDTD method may not be readily extended to the simulation of large-scale PICs with a large feature size and high complexity, due to scalability of computing resources and complexity of circuit analysis. The conventional circuit theory based on scattering matrix formulation defined in terms of guided modes of the waveguides in the connecting ports may be applied to modeling and simulation of optical integrated systems with an assumption that the radiation effects between the connecting circuit elements can be neglected [21] . As the density of integration increases, the optical devices will be placed in a close proximity and will be linked by short waveguide or nonwaveguide (e.g., free-space) structures so that the radiation effects between the adjacent optical elements cannot be ignored. MMM based on complex mode expansion method is adopted in simulation of optical devices where the radiation effects cannot be neglected [18] and metal-insulator-metal (MIM) plasmonic waveguide networks [24] , [25] . However, the MMM is not efficient in analyzing tilted or curved structures.
In this paper, we propose and present a rigorous field-based circuit model based on complex modes of the interconnecting waveguides in which both guided and radiation fields are considered. To our best knowledge, this is the first comprehensive circuit model for PICs that is rigorous, modular, and scalable without restriction on computing resource and analysis complexity. The paper is organized as follows: Section 2 describes the method of partition for PICs. Guidelines for identifying and defining basic circuit elements with physical and virtual ports, as well as the connectors linking these ports, are proposed and discussed. In Section 3, the circuit model based on complex scattering matrix is described in detail. Method of parameter extraction for circuit elements is presented and discussed in Section 4. Finally, the circuit model and simulation method are validated by way of example in Section 5.
Circuit Partition Methodology and Building Blocks
To demonstrate the proposed methodology on analyzing PICs, we consider a PIC illustrated in Fig. 1(a) . The circuit consists of two corner waveguides, a disk resonator, two waveguide tapers, and an optical lens. The corner waveguides are designed to redirect light propagation by 90 with minimum loss. A disk resonator, together with input/output waveguides, serves as a wavelength filter. A waveguide lens is sandwiched between two waveguide tapers to improve the coupling efficiency. It should be pointed out that the PIC in Fig. 1(a) is chosen to reveal and illustrate the salient features and potential applications of the proposed circuit model and is hence not necessarily a representative of a practical PIC.
As the first step in the simulation of a PIC, we partition the entire PIC into a set of interconnected circuit elements in which all the structural information related to the basic optical devices are encapsulated. For the sake of simplicity, we may use rectangular-shape stencil to partition the circuit so that the entire circuit is discretized into a set of interconnected rectangle blocks and the interactions among the different rectangle blocks are achieved only through the ports. With the proper partition, the optical fields are mainly confined inside the circuit elements (or, more precisely, the stencils related to the circuit elements), and the couplings between the adjacent circuit elements from different building blocks are negligible and can be ignored. In practice, a circuit element is normally chosen as the basic structure in which a single optical function is performed with minimum configuration. For the PIC in Fig. 1(a) , a natural and logical partition is shown in Fig. 1(b) , in which the circuit elements and the corresponding stencils are depicted. These circuit elements are the waveguide tapers (E 4 and E 6 ), the waveguide lens ðE 5 Þ, the waveguide corners (E 1 and E 3 ), and the square disk resonator ðE 2 Þ. Other circuit elements are the connectors that link the different functional optical devices, e.g., the waveguide connectors C 1 , C 2 , and C 3 , and the free-space connectors C 4 and C 5 , respectively. The transmission characteristics of the waveguide connectors are determined solely by the mode properties including both guided and radiation modes. For the free-space connectors, however, no physical waveguide structures exist. Yet, we employ a waveguide model in which the domains of connectors (waveguides and free space) are enclosed by a perfectly matched layer (PML) terminated by a perfectly reflecting boundary (PRB) condition [22] . The size of the metal box and the parameters of the PML are chosen such that the radiation modes are discretized into complex leaky or quasiguided modes and PML modes, whereas the guided modes of the original waveguide is practically unaffected. Consequently, the radiation modes in both waveguide and free-space connectors can be treated in the same fashion as the guided modes. The concept of connectors can be extended to longitudinally slowly varying waveguides in which local guided and complex modes can be defined and solved. An important concept in the circuit partition and analysis is the definition of ports. A port is defined as a reference plane for the optical device on which the input and output fields for the device are launched and calculated. Also, a port serves as the interface to link with other optical devices via circuit connectors in the integrated circuits. Circuit parameters for the optical device are extracted based on the modes of the circuit connectors attached to the ports of the optical devices. We refer the ports attached to the waveguide connectors as physical ports and those connected with freespace (or other structures) virtual ports. Physical ports support guided modes, while virtual ports do not. In order to minimize the computation resources for simulation of the circuit elements, it is desirable that the physical ports have minimum lengths, i.e., to set the reference planes of the ports as close as possible to the associated device to minimize the overall size of the simulation domains for the basic device structures, as illustrated in Fig. 1(b) by dashed lines. Each of the ports serves as the reference interface for input and output of the optical waves. For instance, all the ports for circuit elements E 1 À E 3 and one of the ports for E 4 and E 6 are physical, whereas one of the ports for the tapered waveguides (E 4 and E 6 ) and both ports for the lens ðE 5 Þ are virtual.
It should be pointed out that the choice of the building blocks and the partition of the circuits shown in Fig. 1 are by no means unique or even optimum. In fact, upon a closer look, one readily recognizes that the square disk resonator may be further divided into four identical circuit elements consisting of a waveguide corner coupled with a straight waveguide as illustrated in Fig. 2 . The basic elements are three-port devices that have one physical port and two virtual ports. Note that all four building blocks are in fact identical and we hence need to simulate and extract circuit parameters for only one such device and use the circuit model to simulate the square disk resonator.
Circuit Model Based on Complex Scattering Matrix
Once the partition of a PIC is completed, we can establish a circuit model to simulate the performance of the entire system to yield the field relationships among the different ports. A schematic representation of the circuit model for the PIC in Fig. 1 (a) based on the circuit partition in Fig. 1(b) is depicted in Fig. 3(a) . Alternatively, the resultant circuit model utilizing the circuit partition from Fig. 2 is shown in Fig. 3(b) . We propose a scattering matrix approach based on complex mode expansion for physical and virtual ports associated with each and every building block in the PICs. Assuming that the ith and jth ports have M i and M j modes (including both guided and complex modes), respectively, the number of complex modes for each of the ports is determined by the characteristics of the field at the interface and the degree of accuracy required for the interconnection. Once the entire sets of the complex modes of the ports are obtained by a mode solver, we can use them to extract the scattering matrices for the two corresponding ports S mn ij in which the indices m and n indicate the m-and n-complex modes of the i-and j-ports, respectively.
The relationships between the electromagnetic fields and the amplitudes of the complex modes are
where E i , H i and E j , H j are the transverse electric and magnetic fields at the ith and jth ports, whereas e 
where
are the column matrices for the reflected and incident wave amplitudes corresponding to ports i and j, respectively.
The subscattering matrices are
For a device that has total of N ports, the overall scattering matrix can be expressed as
. .
For a reciprocal system, it can be proven that the overall scattering matrix for the optical functional device is symmetric, which also means that
The symmetry property of the scattering reduces the total number of independent matrix elements from
Further reduction of the independent matrix elements may be reduced by taking advantage of the structural symmetry of the optical elements (i.e., the building blocks). Examples for independent circuit matrix reduction due to structural symmetry will be discussed in the next section. If the port waveguides are single mode, then all the higher order modes are complex and related to the radiation field that exists at the interface of the port. In practice, only a few quasi-guided complex modes with large mode amplitudes relative to that of the guided mode are needed, and the orders of matrices M i are usually small.
Assume that a PIC consisting of multiple circuit elements has P external ports and C internal ports. We may write the total scattering matrix for the entire circuits as follows:
in which b P , b C and a P , a C are the outgoing and incoming wave matrices for the external and the internal ports, respectively. S PP , S PC , S CC , and S CP are the submatrices governing the relations of the P external ports and the C internal ports. To cut down the computational cost, Monaco and Tiberio proposed the multiport connection method in [23] to eliminate the matrix elements relative to interconnected internal ports and produced a matrix for only the external ports. By applying this method, we derive the relationship for only the external ports
The scattering matrix for the P external ports is given as
where is a connection matrix describing the relations of the C internal ports.
Parameter Extraction for Circuit Elements
One of the key steps for the circuit analysis of a PIC is to extract the complex scattering matrix elements for the optical elements that make up the entire integrated circuit. A proper circuit partition ensures that the size of the optical domain for the circuit element is optimized so that we may apply suitable modeling method to simulate the device to achieve a high level of accuracy with relatively low computation resources (e.g., memory). In Fig. 4 , all the circuit elements used in Fig. 1 are depicted with corresponding ports labeled. Please note that, for the square disk resonator, we may treat it as one circuit element and extract circuit parameter accordingly or we can partition it into four identical subcomponents and extract the circuit parameters for only on subcomponent as shown in Fig. 2 . For each of the devices, an underlying waveguide with well-defined cross-sectional profile is assumed. Typical waveguide configurations are the rectangular channel waveguide on silica, the ridge waveguide on InP, the silicon-on-insulator (SOI) waveguide, etc., as illustrated in Fig. 5 , depending on the material and technology platforms used. For the sake of simplification, we may approximate these waveguides by the effective index method so that the 2-D waveguide cross sections may be reduced to the 1-D effective index profiles shown for each of the corresponding waveguides. For each of the optical devices, the level of accuracy for the approximate 1-D effective index model in comparison with the full 2-D model depends critically on the details of the structure and need to be assessed before such a simplified mode is adopted.
Assume that the standalone optical device can be modeled and simulated by an appropriate method to obtain the transverse electromagnetic fields along the reference planes of the rectangular 
To calculate the scattering matrix element based on the definition of (13), we may launch the nth mode from jth port with unity amplitude and calculate the transverse fields for the outgoing waves at all ports, i.e., E i and H i ði ¼ 1; . . . ; pÞ. Expand the transverse electric and magnetic fields in terms of the complex modes on the same ports, i.e.,
By taking advantage of the orthogonality of the complex modes for the port waveguide, [22] i.e.,
the S-matrix elements for each mode for the ith port can be calculated by the following formula [18] :
Note that we can still normalize the complex modes in terms of power as follows [18] :
But these complex modes as defined in the said waveguide model are no longer power orthogonal. In principle, to extract all the independent scattering matrix elements, one has to launch each and every guided and complex modes for each and every ports, and hence, there will be total of (16) . In practice, however, only a limited number of complex modes are needed to achieve sufficient accuracy for a give problem. We are able to derive a set of criteria for the selection of the complex modes depending on the magnitude of the radiation field excited for the functional devices and the length of the connector between the ports. Further, the couplings among the higher order complex modes may be neglected. Consequently, we may consider only the excitation by the guided mode or limited number of complex modes in each port, thus reducing the total number of simulations required for scattering matrix parameter extraction. Further, the total number of independent matrix elements and, hence, the total number of simulation/ calculation for extracting the matrix elements can be reduced by taking advantage of the structural symmetry in the circuit elements. Some of these examples will be discussed in the next section.
The scattering matrix elements for the connectors can be readily obtained by considering the fact that these connectors are two-port devices in nature and normally have negligible reflections and no mode couplings. In terms of the transfer matrix formalism, this means that
For the nonzero matrix elements, they are expressed by
in which the propagation constants i m are normally complex in which the imaginary parts are related to the attenuation due to the nonguided radiation field generated from the optical function devices and also to possible leakage loss due to bending. Also, the possible longitudinal variation of the propagation constants along the connectors if any is also considered in (19).
Validation of the Circuit Model
To validate the proposed circuit model, we apply it to the simulation of the PIC in Fig. 1 . The parameters of the circuit are listed in Table 1 .
The circuit is partitioned into building blocks including total of nine (9) functional devices E 1 , E 21 , E 22 , E 23 , E 24 , E 3 , E 4 , E 5 , and E 6 , and five (5) connectors C 1 À C 5 , as shown in Fig. 3(b) . Note that the ports for connectors C 1 , C 2 , and C 3 share the same waveguide structure, which is a singlemode slab waveguide, whereas C 4 and C 5 are connectors linking virtual ports and made of free space where only radiation modes exist.
In order to extract the circuit parameters, we need to consider only four basic devices as shown in Fig. 5 . These are:
The Waveguide Corner
As shown in Fig. 5(a) , the circuit element for the waveguide corner is a two-port device in which the port waveguide have identical transverse configuration. Also, it can be readily shown that this waveguide structure supports only one guided mode and, hence, all higher order modes are TABLE 1 Parameters of the optical circuit shown in Fig. 1 radiative and complex. Fig. 6 shows the real part of the mode effective indices and the attenuation coefficients for the first five modes in the waveguide. The electric field pattern in this device when excited by the fundamental mode at either port is shown in Fig. 7 . It is observed that the optical field is mainly confined in the guided-wave structure and radiation effects are small. This means that the magnitudes of the scattering matrix elements for the complex modes excited by the guided mode are small. Further, we noted that the connector linking the device to the adjacent circuit element is relatively long, which means the insertion losses for the higher order leaky mode are high.
By combining the effects of complex mode excitation and propagation, we can assess the overall impact of the complex modes by calculating jS 1j jexpðÀ j L 1 Þ (which is referred to as the mode impact factor). Table 2 shows the results for the corner waveguide with j ¼ 1; 2; . . . ; 5.
Therefore, we only need to consider the fundamental mode for the two ports for the circuit parameter extraction, which leads to a 2 Â 2 scattering matrix for this circuit element. Further, by taking advantage of the structural symmetry of the device, we need to launch only one FDTD simulation for either port as the diagonal matrix elements are equal ðS 11 ¼ S 22 Þ, and we need to extract only two independent circuit parameters (S 11 ¼ S 22 and S 12 ¼ S 21 ). Fig. 6 . The mode effective indices (real part) and attenuation coefficients of the waveguide structure for the ports of the corner turn shown in Fig. 5(a) . 
The Waveguide Taper
For the waveguide taper shown in Fig. 5(b) , the waveguide for Port 1 is the same as that of the waveguide corner discussed previously. Based on the same reasons, we need to take only the fundamental mode into account for Port 1. By launching the guided mode from Port 1, we can simulate the field propagation through the taper by using a numerical method such as FDTD. Fig. 8 shows the electric field pattern simulated by the FDTD method as the optical wave propagates through the taper waveguide after excitation by the fundamental mode launched at Port 1. It is observed that the transverse field profile expands significantly along the waveguide. The other port of the taper (Port 2) is a virtual port as it is connected to the adjacent circuit element (lens) via free space. By applying the waveguide model for the free space with proper choice of PML parameters, we can simulate the free-space propagation via a set of complex modes. The excitation of these complex modes at Port 2 by excitation of the guided mode at Port 1 is illustrated in Fig. 9 in which the electric field simulated by the FDTD method is depicted by dotted line. Shown in the figure are fitted results in terms of the complex mode expansion with different number of modes. It is observed that, as the number of complex modes increases, the calculated field distribution is closer to the FDTD simulation and the results converge for about twenty (20) modes. Fig. 10 shows the real part of the mode effective indices and the attenuation coefficients for the first 20 modes in the waveguide of Port 2. We may use the same criteria, i.e., jS 1j jexpðÀ j d Þ to assess the overall impact of the complex modes in circuit parameter extraction. Table 3 shows the results for the taper waveguide with j ¼ 1; 2; . . . ; 20. From this table, we notice that the impacts of all the odd modes and the even modes beyond 15 are less than 1%. Therefore, we only need to take the first eight even modes (mode 1, 3, 5, 7, 9, 11, 13, and 15) into account in the circuit analysis. The small impacts of the odd modes are due to the symmetry of the taper structure and even mode profile of the excitation at the input port. Impact factors of complex modes of the corner waveguide Fig. 8 . Electric field pattern in the taper shown in Fig. 5(b) when excited by the fundamental mode at port 1.
The Waveguide Lens
For the optical lens, we note that the two ports are identical and the same as the virtual port of the taper waveguide discussed above. This device is connected with two optical tapers through connectors C 4 and C 5 as shown in Fig. 1(a) . We use the same modes for the two ports of this device as those for Port 2 of the optical taper. Since this structure is symmetric, we only need to launch each and every mode of either port in the FDTD simulations to extract all the elements of the scattering matrix for this device.
The Square Disk Resonator
For the square disk resonator, we can extract its circuit parameters by either first partitioning the entire structure into four subcomponents then extracting parameters for the subcomponent simulating (Approach A) or simulate the entire device as one circuit element (Approach B). Let us apply Approach A by considering the subcomponent in Fig. 4(d) . It is noted that Port 1 has the same waveguide structure as the port waveguides in other adjacent devices (e.g., waveguide turns). The other two ports (Ports 2 and 3) are virtual ports and can only be described by semi-free-space waveguides. The semi-free-space waveguides are sandwiched by PML terminated by PRB. By launching the fundamental mode from Port 1, we can simulate the optical field propagation through the structure by FDTD method as shown in Fig. 11 . It is noted that the field at Port 2 is significantly stronger than that at Port 3.
To extract the circuit parameters for the subcomponents related to the square disk resonator, we examine the distributions of the optical fields at the two virtual ports (Ports 2 and 3) as shown in Fig. 12(a) and (b), respectively (dotted lines), when the fundamental mode is excited at Port 1. We further fit the simulated field by complex mode expansion for different number of modes. It is observed from Fig. 12 that the mode expansions approach the simulated field as the number of modes reaches 70. Note that, in this case, the virtual ports of the adjacent circuit elements are connected directly without connectors so that all these complex modes must be taken into consideration. The scattering matrix elements S 1j 12 and S 1j 13 ðj ¼ 1; 2; . . . ; 70Þ are calculated by using (17) after a single simulation by FDTD as described above. To extract the scattering matrix elements related to the couplings between the higher order complex modes, we need to launch each and every higher order modes at Ports 2 and 3, respectively (total of 70 Â 2 simulations).
The alternative approach (Approach B) is to treat the entire square disk resonator as a single device and extract the circuit parameters directly from the simulation of this four-port device. Note that all four ports are single-mode so that we need to launch the guided mode from each port and extract the scattering matrix parameters at the others. Further, the structure is symmetric so that
Therefore, only one FDTD simulation is needed and the total number of independent matrix elements is four (4). Fig. 13 shows transmission spectra of the fundamental mode from ports P21 to P22 of the square disk resonator shown in Fig. 2 , and the results are calculated by the two approaches for different number of complex modes in Approach A. Finally, the overall scattering matrix for all the external ports of the entire circuit is obtained as demonstrated in Section 3. The optical signal (the fundamental guided mode) is launched at the leftmost port, propagates through the entire integrated circuit, and is monitored at the rightmost port of the circuit. The transmission spectra of the fundamental mode at the input and output ports are calculated under different circumstances in which different numbers of complex modes are considered for interconnections. One guided mode is considered for the three straight waveguide connectors ðC 1 À C 3 Þ under all the circumstances. We first keep eight even complex modes for the free-space connectors C 4 and C 5 and vary the number of complex modes at the interfaces of the four identical parts of the square disk resonator. The transmission spectra in the range from 1.51 m to 1.54 m are depicted in Fig. 14(a) . Second, we keep 70 complex modes at the interfaces partitioning the square disk resonator and vary the number of even complex modes for the free-space connectors C 4 and C 5 . The transmission spectra are shown in Fig. 14(b) . As a reference for the calculated data from the circuit theory analysis, the results obtained by simulating the entire circuit using the FDTD method are added in the corresponding figures. As shown in Fig. 14(a) and (b) , by using more complex modes for the interconnections, the transmission spectra obtained from the circuit model do converge to the results of the FDTD simulation. The electric field amplitude distribution of the entire circuit when shining the 1.525-m fundamental mode at the input port is obtained by the FDTD simulation and shown in Fig. 15 . Fig. 14. (a) Transmission spectra of the fundamental mode at the leftmost and rightmost ports of the circuit shown in Fig. 1(a) using 8 even complex modes for free-space interconnections: the red circles are data of a FDTD simulation; the blue squares, green, red and purple triangles, cyan stars, blue dotted-line and black solid line are calculated by the circuit theory using 15, 20, 30, 40, 50, 60 and 70 complex modes for the interfaces among the four identical parts of the square disk resonator in Fig. 4 , respectively. (b) Transmission spectra of the fundamental mode at the leftmost and rightmost ports of the circuit shown in Fig. 1 (a) using 70 complex modes for the interfaces among the four identical parts of the square disk resonator: the red circles are data of a FDTD simulation; the blue squares, green, red, and purple triangles, blue dotted-line and black solid line are calculated by the circuit theory using 1, 2, 3, 4, 5, and 8 even complex modes for free-space connectors C 4 and C 5 . 
Summary
A circuit theory based on the concept of complex modes facilitated by a novel waveguide model is demonstrated and validated for simulation and analysis of PICs. In contrast with the conventional numerical simulation methods, the new circuit model takes into consideration both the guided and radiation field effects within and between the circuit elements, and it is scalable to large-scale integrated systems of arbitrary configurations and feature sizes. By partitioning a PIC into a collection of basic circuit elements coupling through connectors, we can first extract the circuit parameters for the circuit elements by using rigorous numerical techniques such as the FDTD method. One of the unique features of the circuit model is the introduction of the virtual ports associated with the free-space connectors so that the full-wave radiation field effects are considered and simulated. It is noted that the memory requirements for the simulations related to circuit parameter extraction is greatly reduced in comparison with that for the simulation of the entire circuit. For this reason, large-scale PICs that cannot be simulated previously can now be analyzed in a much more flexible and manageable fashion with relatively moderate computing facilities.
On the other hand, circuit parameter extractions, especially for devices with virtual ports, requires more simulation runs and hence more computation effort. Nevertheless, such simulations can be performed independently in a parallel fashion, which is well suited to the emerging computing infrastructures such as cloud computing. Further, for integrated circuits that contain multiple identical circuit elements, the circuit parameters for such circuit elements can be reused, and the parameter extraction needs to be done only once. Also, by taking advantage of the structural symmetry of the circuit elements, we can reduce the total number of independent circuit matrix elements and therefore reduce the overall computation for circuit parameter extraction. Moreover, we proposed and demonstrated a criterion, i.e., the mode impact factor, to assess the relative contribution of each complex mode to the accuracy of the circuit model so that the circuit parameters for each circuit element may be determined with a high level of confidence.
